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INTRODUCTION

The study of ratio and regression estimators has also
been extended to the case where multi-supplementary
information are employed for further improvement of
precision of estimators of population parameters.
Notable contributions in this direction include Swain
(2012), Lu and Yan (2011), Kadilar and Cingi
(2004b, 2005), Abu-Dayyeh, Ahmed et al. (2003),
Singh and Chaudhury (1986), and Khare et al.
(2013) for simple random sampling scheme.

Many authors have used two or more auxiliary
variables to increase the precision of estimation with
most of the works limited to two auxiliary variables.
Notable in the list is the work of Olkin (1958), which
was reflected in Singh and Chaudhary (1986).
Singh (1965, 1967) proposed ratio-cum-product
estimators of population mean using two auxiliary
variables. These estimators had higher efficiencies
than the classical estimators of population mean
using a single auxiliary variable. Perri (2004) was
able to show that the Singh estimators are however
less efficient than the traditional regression estimator
of population mean using two auxiliary variables.
Perri (2005) further modified the estimators of Singh
(1965, 1967) to have estimators, whose Mean Square
Errors were similar to the traditional multivariate
regression estimator of population mean and hence
more efficient than Singh (1965, 1967) estimators.
Kadilar (2004, 2005) suggested new multivariate
ratio estimators with improved efficiencies in some
populations. They went further to establish conditions
under which their estimators would be better than the

classical estimators. Abu-Dayyeh et al. (2003)
proposed two multivariate ratio estimators of
population mean, but one of them showed higher
efficiency than the other. Diana and Perri (2007)
reviewed some contributions of authors to the
improvement of efficiency of multivariate ratio and
regression estimators. They concluded by proposing a
class of multivariate estimators that made use of
variances of the auxiliary variables instead of their
means. They finally deduced that these set of
estimators showed tremendous gains in efficiencies.

Further attempts to still improve on the estimation
procedures of population mean using two auxiliary
variables include works of Tailor, Verma and Sharma
(2010), Riaz, Noor-ul-Amin and Hanif (2014),
Lu,Yan and Peng (2014), Lu (2013), Singh and Singh
(2014), Lu and Yan (2014), Rashid, Noor-ul-Amin,
and Hanif (2015) and Swain (2012). Some of their
estimators such as Riaz et al.(2014), Lu and Yan
(2014), Rashid et al. (2014), Swain (2012) have the
same efficiencies as Abu-Dayyeh et al.(2003) and
Kadilar and Cingi (2005). A significant contribution
also came from the works of Yasmeen, Noor-ul-
Amin and Hanif (2015) who proposed a multivariate
estimator through a linear combination of ratio-cum-
exponential ratio and product-cum-exponential
product estimators of population mean with two
auxiliary variables. Although their estimator showed
a significant gain in efficiency of the estimator in
some populations over some of estimators mentioned
earlier, some of the parameters were not properly
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determined. On this note, there is still the need for a
greater improvement on the efficiency of multivariate
estimators.  This work is an attempts in this
direction..

Review of some related existing estimators

Consider a finite population U = (U, U,, ..., Uy) of
size(N). Let (X,), (X,) and (Y) denote the auxiliary
and study variables taking values X;;,X,; andY;
respectively on the i** unit U;(i=1,2,..,N)
population. It is assumed that (x;;x5;,%;) =0,
(since survey variables are generally non-negative)
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and information on the population means (X,, X,) of
the auxiliary variables is known. Let a sample of size
(n) be drawn by simple random sampling without
replacement (SRSWOR) from which we obtain the
means (x,), (x,) and (#) for the auxiliary variables
(X,,X,) and the study variable (Y). For the above
population we provide below a summary of some
existing estimators with its mean square error. Some
of the existing and related estimators under this form
are presented in Table 1

Table 1: Some Existing Multivariate estimators of population mean in Simple Random Sampling and their MSEs

S/N  Estimator MSE

9*— Xl + 6*_ Xz
EREACYARCAVS AVH{CS + 077 Ch + 037 Ch = 201 Py Cy Cor = 2010322 CyCy

Traditional multivariance Ratio +20;05px,x,Crx, Cx, }

Singh and Chaudhary (1986)

y+ byxl(Xl - fl) + byxZ (XZ - JEZ) V2,2 —n2 2
2 Regression Estimator AV2CH(1 = pls = Pz + 2P y1 PyaaPrin,)

= A1 = \ a2
}_]a =y (g) (ﬁ) vzl — pjz/xl + P32/x2 - Zpyxlpyxsz1x2
Xl XZ 1- p)% X

3 T\ %,\%2 . 1x2

ve=ey(2) +er() - {cyz + € (a2C — a3C2 — 2a,ayp,., Coy Cup) + G2CE +

1 2 .

Abu — Dayyeh et al. (2003) ~2 € (63C% — a1Pyx1Cy Car + 2Py, CyCrp — 1 02p;

_ (% (%72 =

Yuxc =Y (7) (7) + by (X7 — X7) B
4 1 . ZM(XZ %) ACZY?{1 4 CZ + C} + 2C,Copxy %, — 2C1p,x; — 2C,py%, )

Kadilar and Cingi (2005)

Yy = Wuyyi + Woyy; ~

ay = 0.43,by, = 0.78,a5 = 1.22,b;, = 0.72 AYZ{Cj + WP of) Gl + Wo? oG Cf — 2Wy) gy pyy, €y Cry
5 - = 2W5 &y pyxZCnyZ

Vs = [)7 + @opt()?1 —X;) (%) l +2W Wy, oy Xy Pxyx; CXlCXZ}

2 _

Lu and Yan (2014) AV2CH(1 =Ry x,)

o Wi, X, + WX\ A{}_’ZCf + 4Wy? o} RECHXE + AW, ocf R C, X3

Yaler =Y W%, + W%, - 2W1*12 o] pyxlcnyl
6 — 2W5, % RicPyxz €y Cor

B + AW W5, &F RE:pr1xaCoa sz}
ylcreg =y + bc(Xic — %) B
Lu (2013) AY2C2(1-pZ,.)
_ 1.0, _ 1.0, _
1 {YZCJE + ZwllirRlzcrxlchl + ZWZZ%rRlzchZZ C,?z
v - 1 * * vV U
}_/ _ }_/ exp [chr - xlcr] - EWllchlcrpyxlcnyl‘XlYl
ler — v — [ N — —
7 LCT | 201‘)1(1“ + Xier - szlchlcrpyxZ CyCXZXZY
u eta . 1 * * * vV Vv
( ) + ZW11CTW21CTR1CTPX1XZ Cxlcxlexz}

_ _ o X, —% Ayc?

8 Yrz = [y + byxl (Xz - xz)]exp vy _ = _—zy [1 - p32/x1 - p32/x2 + zpyxlpyxszlxz]
X1 — % 1-piixe
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Riaz et al .(2014)
0(2

AYZ{ +2 2 g2¢2 (w, —1)" + (w, —1)"g%C2,
Xy — X
yy = Wy:)_’ + (1 Wy)y( )exp[ y_2t—+)?2] + (Wy - l)ZOCy gCnyzpyxz

2t 2 _ 2
Yasmeen et al. (2015) + (wy — 1) g2C, Ca, Py,
+ Z(Wy - 1) OCy gCnylpyxl}

where
N

X,=N"1 Z X1; ,population mean of the first auxiliary variable
i=1
N
X,=N"1 Z Xy; , population mean of the second auxiliary variable
i=1
N

Y=N1 Z y; ,population mean of the study variable

i=1
n

% =n"1 Z X1; ,sample mean of the first auxiliary variable
i=1

X,=n"1 Z Xy ,sample mean of the second auxiliary variable
5

g=n1 Z y; ,sample mean of the study variable

2r2
a;z sz + A2Pyx, Cnyz — A1Pyx, Cnyl — 01Q2Px,x, Cxl sz

o QEC2, + BBCE, — 20,035, ,Co,
0; = ( + pyxZC + pyxlcycxl ~ Pxyx, Cxl sz)
b nglc bC)?Z - pr1x2 Cxl sz S
ai = Cycxy:'z @ = 20 G0 P oGS i Py @ = e
a, = S Pl pi= Px,x, (pyxlpxlxz B pyxz) P} = Px,x, (pyxszlxz - pyxl)
RZsz _ 1- p9%1x2 _ 1- p’%lXZ
Y Y a; Xy a X,
Rz = Pyt Pon = 2Py, _ G [pyxz pyxlpxlxz]
e 1—-pin, ’ [

Q)Opt _ [pyxl B pyx2px1x2]
Sx 1- pa%lxz _ _ _
nt Way =1 Xe= Ky + KX, Xic = KX + KX,
XZ [OCZ C)?Z ~ Pyx, Cnyz —X; Pxyx, Cx1Cx2 + Pyx, Cnyl]

S.
yxlc *
b = G—, Ku+ K =1, W, =

SJ?ZC {Xl [O(l 2 + Pyx, Cnyz —X Pxix, Cx1 sz ~ Pyx; Cnyl]
3 +X2 [OCZ xz pyxZC C X3 - pxlxzcxlcxz + pyxlcycxl]}
R, = Y K., = (pyx1 pyxszlxz)
lc = vy 1L -y’ 1= ¢ 7
‘ W1ZX1 + WleZ ! X1 (pyxz pyxlpxlxz) + XZZsz (pyx1 - pyxszlxz)
Syxlc _ [Kllpyxl Cny1X1Y + Kzlpyxz CyCXZXZY]

2
Pyxic = = = —— =
WHE T SEShe CRYH{KECEXE + 2Ky Kpupryx, Coy Co, Xi Xy + KZCZ X2}
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* B A Y2V V 2
Wier = 75 1 where A = X2X,Y {2p,.,C,C, = Pryx, Cx, Cu, — 2Pyx, CyCo, + CZ}
B= 7)?1_)?22{@?2 = 2Py, CyCr, = Py, Cay Crry + 2Py, Cnyl}
Y
Ricr = = -, e W = 1
1Cr szch1 + Wz*lchZ Wiler Waler .
e = (1+9)X, — g%, Xpp = L+ @)X, — g%, g = N—-n
we o= 1— 2(2 %y gCyCr,Pyx, + %y 9CyCarPyx,)
Y 9%(«2 C2 +4C2 +4 <, Cr, Co,Prrx,)
The proposed classes of multivariate exponential the following exponential estimators are proposed
estimators for population mean under simple random when two auxiliary variables are considered under
sampling. Motivated by Kadilar and Cingi (2004, the simple random sampling scheme.
2005) Bahl and Tuteja (1991) and Riaz et al. (2014),
- 51()?1 B 921)] o [62(}?2 B fz)
to, =Wy +wy(X; —xexp |l ———=+w,(X, —x,)exp|——] ..(1
mi (184 14 1) p[ (X1_+x1) 2 (X 2)exp (X2_+ %)) (€Y)
- 52(X2 - fz)] - [51()(1 - f1)
t, =@y +w (X; — X)exp | —=——|+w,(X, — %,)exp|————=| ..(2
m2 oY 14 1) p[ X, + %) 2 (X, 2)exp X, + %) 2

where 0 < 6,,6, <2
To obtain the bias and mean square error (MSE) of the proposed estimators, (1) and (2) are expressed in terms of the

usual e's. For t,,;, we have
1_516,61 <1+51exl> +51ex1 <1+61exl) e

tml = WOY(1 + ey) - Wlexl)?l

2 2 8 2
_ 8,6y, 8zey, - 57ez, 8zey, -2
—WZGXZXZ 1_ 2 1+ 2 + 8 1+ 2 +"' ...(3)
We assume that,
6,e 6,e
le,| < Lley,| < 1|52 <1, sz <1
= 6,1 < 2and |6,| <2
Therefore, Expanding (3) to first order approximation gives.
_ _ wéerX _ S,wer X
g = WoY(l + ey) —wie, X NN e 25 i Swye,, X, + 272772
_ w; 6, M, e? 8,w,M,e?
=Y [wy + woe, —w; Mie,, t— = — 5wy Maey, + — 2
o w, 6, M, e? 5,w,M,e?
tm —Y)=Y [(WO -+ woe, —w;Myey, +% - 52W2M26x2 + %]
. w6, M ACE  S,w,M,AC?
B(tm) = E(tyy — V) =Y [(wO -1) + 2 21 oy 22 22 "2] (4

Also,
2(wowy — W1)51M1e>%1 2(wow, — W2)52Mze§2 2 2
wyey — 2wow; My e ey,

2 2 0

(bt — )2 = 72 [(wo EpIT

= 2wow, Mye e, + 2wy w, M, Mye, e, +wiMie; + W22M22e,§2]
_ ACZ ACZ,
MSE(ty) = V2|1 +w2(1+ AC2) — 2w, — 2W0W1M17(2ny1 —8,) - ZWOWZMZT(Znyz = 5,)
2wy 8, M ACE, 2w, 8,M,ACE
2 2

+ 2wy W, My My APy 5, Cr Co, — +wiMPACE, + wiMZACE,
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= 72[1 + Wiy — 2wy — 2wowy My, — 2wow, My iz + 2wy wo My My, — 2wy Myps — 2w, Mppg + wi M7,

+ wi M ue] - (5)
where
AC? AC?
w=1+2AC%  py= "1 (2Kye, —81),  us= "2 (2Kyr, = 62),  Ha = A0y, C, Cry»
51/1C2 §,AC2
Us = 2 = ) Ue = 2 2 ’ ACxl, Ug = ACJ?Z

Considering (2), the bias and the MSE are obtained in a similar way as follows;
-1

= - d,e S5%e? €y N\ 2
tmz =wOY(1+ey)—wlexlX1 [1—%(1+ 2) + 28xZ (1+ 2) +]

_ 816y, -1 8fey, x,\ 2
—wzexZXz[l—T(1+ 2) +T(1+7) T
w1X1529x2 €x, w2X26lex2 €x,
2 2
_ e, e
=Y [wo + wpe, —w; Mye, — w,Me,, + xzz L (wy M, 5, + w2M261)]
(tme—Y)=Y [(wo -1 +wee, —wy Mye, —w,Me,,

=w,Y(1+e,) —w Xie,, + —w,Xye,, +

e, e
+ 2 (@, M6, + M) (6)

_ _ A C,C
B(ty,) =E(t,, —Y)=Y [(wo -D+ %( w; M, 6, + sz251)] - (7)
MSE (tn) = E(tmz —Y)?

_ 2w wy M ACE 2w w, MyAC2
=Y? [1 + w(?(l + ACJE) — 2w, — Tﬁ (Zny1 - 62Kx2x1) - T)CZ(ZKWCZ xlxz)
2w, 6,M. Cy,Cr, 2w6,M,2 Cy,Cy,
+ 20,0, M, My2px, Cx, Cs, — 102M1Px, x, _ £W201 M3 APy x, 2M2)C2
2 2 1
MZZAC,EZ]
=Y?[1+ Wiy — 2w0 — 2wy @ My u; — 2wy, My + 2wy @, My My, — 2@y Myjig — 2@, Mg + wiM{u;
@i M3 g ..(8)
2 ! Acfl ’ A‘ Xz
where y; =1+ AC, Uy = — (Zlf{yx1 -4, xel) Us = (2 Vg 61Kx1x2),
, 8§,AC2 K , 6126' K ,
M4 - /‘ICJ? X1X2? MS = %’ /'l'6 = %J - A-Cxl; ,ug = AC’?Z

Optimality conditions for the proposed estimators For t,,;, we obtain the optimality condition by differentiating (5)
partially with respect to the parameters w,, w; and w, and setting the resulting expressions to zero. Thus;

OMSE (tp1)
T ow, 2Wolly = 2 = 2wy My iy — 2w, M3 = 0
Wo
= Wolly — WiMyp, —wyMpps =1 - (9)
OMSE (t,1) 2
6—W1 = =2woMyp, + 2w, M My, — 2wy pis + 2w Mip; =0
= Wolly — WiMyp; — w, May = —pis - (10)
OMSE (t;,1) 2
T = —2woM,uz + 2wy My My, — 2Mopg + 2w, Mg = 0
= Woldz — WMy, — W, Mg = —lig - (11)
U1 —Myp,  —Myug\ Wo 1
= (U —Myp; —Mypy |\ Wi | = —Hs - (12)
#3 _Ml‘u4 _Mz‘ug W2 _#6

Solving (12) by Crammer’s rule we have;
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W |A0| MleDo &\
°~4] T MM,D D i
|A:] _ M,D, %}
= = ..(13
Y= Al T MuM,D MlD , (13)
14,1 _ M,D, 2 |
w, = = )
lal " M,;M,D M2
where
D = pypypig — il — H3Hg + 2pp sty — H5 1y
Dy = piyltg — [ + Uplisiy — Hslals — Uplafle + Uzliehly
Dy = pypisps — My falle T talle — Hsta + [alatle — U3Hs
D, = = HiHel7 — Haflalls — Hue + HoH3ls — HaHly + Uz,
Substituting (13) in (5), gives the optimum MSE of t,,, as
> Diw, 2DoD  2DoDip, 2DyDpus  2DyDopy  2D;Dps  2D,Dpg  Diu,
MSEopt(tm1) =Y? (1 + Dz pz  pz D2 D2 pz Dz D2
DZug
+ hE
=Y? [1 + (D0H1 2DoD — 2Do Dy p, — 2DoDypus + 2D1 Dopty — 2Dy Dps — 2D, Dpg + D py + Diug)
=Y? (1 + P) (14)
0
where
P = D§u; — 2DyD — 2Do D pi — 2Do Dz + 2Dy Dypty — 2D; Dpis — 2D, D + Di iy + D3 g
Q = D?

For the second proposed estimator t,,,, the optimality condition follows a similar procedure as that of t,,,;. Again,
(8) is differentiated partially with respect to @w,, @, and @, and setting the resulting expressions to zero. These
resulting equations are solved simultaneously to obtain the values of @w,, @, and @,. Thus;

OMSE (t1n) , ,
T 0w 2wopy — 2 = 2@, My p; — 2@, Mypuz = 0
Wy
= wWoly — W Myp; —w,Mppz =1 .. (15)
OMSE (tn3) , , ,
0w —2woMyp; + 2w, My My — My pis + 2w, Mip; = 0
1
= Wy — W Myp; — @y Maypy = —pig - (16)
OMSE (tn,) , , ,
0w —2woMyp3 + 20y My My — Mapg + 2w, My g = 0
2
= wols — Wy My, — @, Mapg = —lig - (17)
o —Myp; Moz (@ 1
=\ uy —Mup; Myp, || @1 ) =|Hs .. (18)
Ky —Myp, Mopg) \P2 He
Solving (18) simultaneously gives the following results;
D' = iyt — Wyt — P Mg + 205 i3y — U 1y
Dy = ustg — P + Upistt — Halaths — Haballs T HaloHy
D3 = pipshs = titabls t Haps = Hspa + Wo [5G — 15 He
D} = mkghy — Makaks — W HG + HolaHs — Ually + Msky
Dy D; D,
o ZD-O ZF, ZD'1 ZF, ZD-Z ZF ...(19)
Substituting (19) in (8), gives the optimum MSE of t,,, as
_ P’
MSE o (tz) = V2 (1 + 5) .. (20)

where

P' = Dy — 2D' Dy — 2D4Dj s — 2Dy Dyt + 2D4 Dyuty — 2D Dyt —

Ql — Dl2

2D'Dypg + Di?uy + D g
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Some members of the proposed classes of multivariate ratio-type estimators of Population mean in Simple
Random Sampling are shown below:

(@) Some members of ¢,,,

Varying the values of §;,68,, wy, w; and w, gives some ratio-type exponential estimators using two auxiliary
variables as shown in Table 2.

Table 2: Some Members of the proposed multivariate estimator ( t,,,)of population mean in simple random
sampling

Estimator 6, 6, w, wy w,
t,(,g =y ,Sample mean o 8, 1 0 0
t"(rfz =yt byxl (Xl — %)+ byxz (XZ = %3) 0 0 1 byx byxz
1
_ X, —x
t‘r(rfz =y+ byx1 (X1 — fl)exp ()?1 - f1>
1 1
— _ )?2 — X, 1 1 1 byx1 byxz
+ by, (X, — X;)exp %, %,
t(4) =y+w* ()? —x )exp )El_fl
ml 11 1 1 X1 + 321 ) W*
. _ X, — %, 1 1 1 Wi, 21
+ wy1 (X, — Xy)exp (Xz n f2>
_ - 2(X, — x;)
tfj’i = + by, (X; — % )exp [#
' (X X 2 2 1 byx1 byxz
b (%, — 2(X, — x,)
+ by, (X, — X;)exp —Xz T
_ 20X, — x
tr(n? =y +wi(X; —Xexp [%]
17X | W
. — _ Z(XZ - xz) 2 2 1 Wl*z 2z
+ w3, (X; — X, )exp X, %,
@) ro L (T o X1 — %
tos = Woy + wy (X; — %;)exp X 17
- 1 1 wi o ow o owg
*x(V — X2 - x2
+w; (X, —x,)exp (Xz m f2>
i Lo 2(X, — x;)
£ = we'y +wi' (X, — % )exp [#]
1 1 _ 2 2 ng Wl*, W;’
+wi' (X, — x,)ex —2(3(2 — %)
2 Ay 2)exp X, + %,

(b) Some members of t,,, Varying the values of §,,6,, @,, @, and @, gives some ratio-type exponential estimators
using two auxiliary variables as shown in Table 3 below.

Table 3: Some Members of the proposed multivariate estimator( t,,,) of the population mean in simple random
sampling

Estimator 61 5, Wy Wy Wy
tr(iz) =y ,Sample mean o 5, 1 0 0

tr(rfz) = )_/ + byx1 (Xl - J?1) + byxz ()?2 - fz) 0 0 1 byxl byxz
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t® =y+b, (X, —%)exp %% +b,, (X, — %)exp 6% 1 1 1 b,.. b,
m2 y¥1 X, +x, ¥z X, + %, ya YR
t(4)=37+w* (X, — x,)exp )fz_fz + @, (X, — x,)exp )fl_fl 1 1 1 Wy, W,
m2 114y 1 X, + %, 21 A2 2 X, + %, 11 21
~ L 2(X, — %,)
o) =5+ by, (X1 — X;)exp [#]
2 x2 b b
— _ 2(X, — %) 2 2 1 yx1 yx2
+ byxz(XZ — X,)exp W
_ 2(X, — %
t) =5+ @, (X, — fl)exp[ 5?2 ’ 2)]
2 T X3 * *
2(X; — %) 2 2 1 Wiz W
* X v -
+ @5, (X, xz)exp[ X, + %, ]
. e X, — %, P X, —x, X X X
tfrzz) = woy + @y (X; — X;)exp (Xz n fz) + @; (X, — %;)exp (Xl T 1 1 Wy W, wW;
, . 20X, — x
t$h = w3’y + @i’ (X, — % )exp [—({ _2)]
2t X, ' ' '
= 7 _ 2 2 w, w; o
+ @' (X, — %,)ex 2% -x)
2 Ay 2)exp X, + %,

Efficiency comparison

The efficiency of the proposed estimators are
compared with other relevant existing estimators and
members of the family of generalized estimators
using the percent relative efficiency given as:
MSE (Vymi)

PRE = MSE(t,) x 100
where y,.,,; is the estimator to be compared with and
tn 1S the proposed estimator.
The efficiencies of the proposed estimators of
population mean using two auxilliary variable in

simple random sampling can also be compared by
establishing conditions under which the proposed
estimators would be more efficient than the existing
ones; Here we consider the best among the class of
proposed estimators.

@) Comparison with classical multivariate ratio
estimator

The proposed estimator is more efficient than the
classical multivariate ratio estimator if;

MSEmin (tmi) < MSEmin (ymR)

| o

=>172(1+

iz

N

—f
n

Y2(C2 +6;°C2 + 605 CZ, — 207 py, €, Co, — 203py, Cy Crr, + 2050305 . Cr C)

_ P, _
= ¥? (1 +Q—l> < AV%4,

P;
=>1+Q—l—/1A1SO . (21)

4

where Ay = CZ + 07" C2, + 05" C2, — 207 py, C, Co, — 205P,, CyCor, + 2050505 5, C, Cr,
When condition (21) holds, then the first proposed class of estimators is more efficient than the traditional ratio
estimator proposed by Singh and Chaudhary (1986). Similarly, for the second proposed estimator, the condition is;

Pi
1+ a —A4, <0
(b) Comparison with Ablu-Dayeh et al. (2003)

- (22)

The proposed class of estimators would be more efficient than the Abu-Dayeh et al. (2003) estimator if the

following holds:
(l) MSEmin(tml) < MSEmin(yl:z)
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2 2
— 72 (1 " g) < a7°C? (1 _ Pyxy t Pyx, — Zpyxlpszpx1x2>

p 1- p)%pcz
=1 +6—Acy2(1—Ryxle) <0 . (23)
pzx +p2x = 2Py, Pyx, Py x
Rz _ryx YX2 VX1 PyxX2PX1X2
where Ry , 1-p2..
(i) For the second proposed estimator of Abu-Dayeh et al. (2003), the condition becomes

_ P
72(1+ 5) < MSEpnin (752)

*2 * * * *
(C2 +a r2CE + a3 17 CL — 2ai11pyy, € Cy, — 2a575Py,,C, Cy, + 2a1a2r1r2px1x2(]x1(]x2)

P
=>1+6—/131§0 . (24)
where
*2 *2 * *
B, = CJ + ai r?CE + a3 17 CE) — 20511 pyy €y Cr, — 20575y, CyCy, + 2050571750y 1, C Cy,
The second proposed class of estimators is more efficient than the Abu- Dayeh et al .(2003) estlmator if;

P!
L+ G~k =<0 .. (25)

P
and 1 +a—/131 <0 ..(26)

(© Comparison with Lu and Yan (2014)
For the proposed class of estimators to be more efficient the the Lu and Yan (2014) estimator

. MSEmin(tmi) < MSEmin(yLY)
(l) Msgmin(tml) < MSEmin(}_’LY)
= Y? (1 + —)

~ Q
= AYZ (ng + Wll C'fllc2 + WZl ale 2Wl*l allpyxl Cycxl - ZWZ*lazlpyxz Cnyz + 2W1*IW2*lallazlpx1x2 Cx1 sz)
P
=>1+6—/1€1s0 - (27)
where
*2 * * * *
Cl - CZ + Wll allc + WZl a%l@?z - Zwllallpyxlcycxl - 2Wzl“21Pyx2Cny2 + 2W11W21a11a21px1x2 Cx1Cx2
(i) For the second proposed class of estimators, the condition is
P’
1+@—/161$0 ..(28)

(d) Comparison with Swain (2012)

The proposed class of estimators are more efficient than Swain (2012)estimator if;
MSEmin(tmi) < MSEmin(yS)

(l) MSEmin(tml) < MSEmin(}_/S)

_ P
= 7?2 (1 + Q) < AV2C2(1-RZ,x,)

P
=145 —AC2(1—-R%,,,,) <0 - (29)
(“) MSEmin(tmz) =< MSEmin()_/S)
_ P’
=72 (1 + o ) <AY2C2(1-RZ,..,)
P’ )
=1+5-46 (1-R%,,,)<0 . (30)

When (29) and (30) hold, then the proposed estimators are more efficient the Swain (2012) estimators.
(e) Comparison among the proposed estimators
The proposed estimator ¢,,,; is more efficient than another proposed estimator ¢,,,; if;
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MSEmin (tmi) < MSEmin (tmj)

(I) MSEmin(tml) < MSEmin(th)
= Y2 (1+£) <V <1+P—’)
Q/ Q'
1+ P 1 , <0
= ——1-==
Q Q'
P , <0 (31)
:> —_—— < s
Q ¢
Numerical Hlustration
The Mean Squared Errors (MSE) and Percent enable the proposed estimators to be compared with
Relative Efficiencies (PRE) of the proposed classes the already existing estimators that are relevant to
of estimators and already existing estimators are this work.

presented in Tables 4, 5 and 6. These tables will

Table 4: Data statistics for numerical lllustration of the efficiency of the proposed estimators of population mean in
simple random sampling involving two auxiliary variables

Source N n Y X, X, Cy C

X1 C)CZ pyx1 pyxz pX1X2

Abu

-Dayehh 332 80 1093.1 18157 143.31 0.7626 0.7684 0.7616 0.973 0.862 0.842

(2003),

(N

Rashid et al. 424 169 646.215 4533.981 3250325 1509 1342 1.335 0623 0907  0.682
(2014)

(1)
Kad

ilar & 204 50 966 26441 1014 24737 1.7171 24866 0.71 0.94 0.83

Cingi (2005)

(1)
And

erson 25 15 183.84 185.72 151.12 0.0546 0.0488 0.0546  0.6932 0.7108 0.7346

(1958)

%
Kad

iflar & 200 50 500 2500 3000 2 0.2 0.25 0.9 0.85 0.8

Cingi (2004)

V)

Feng & Shi 180 70  13.9951 27.3981 38.7167 0.418 0.4254 0.3339 0563  0.5273 0.2589

(1996)

(V)

Singh & 200 70 500 2500 3000 2 0.2 0.2 0.9 0.85 0.8
Singh (2014)

VI

)

Singh & 34 20 856.41 208.88 199.44 0.86 0.72 0.75 0.45 0.45 0.98
Chaudhary
(1986)

Vi
Cho

1)
udhary & 34 10 4.92 2.99 291 1.012 1232 1.072 0.733 0.643 0.684

Singh (2012)

(IX)

Ahmed 376 159 316.65 141.13 1075.31 0.7721 0.845 0.7746  0.9106 0.9094 0.8614

(1997)

(X)

Table 4 shows parameters of the ten populations that are used to compute the mean square errors of the proposed
estimators and some related existing estimators for efficiency comparison.

Table 5: MSE of related existing estimators of Population Mean in simple random sampling using two auxiliary
variables

Population
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Estimators | I I v Y Vi Vi Vil X X
Singh &

Chaudhary 310461 601791 10290.66 12022 1174583 0.1577 768625  10580.57 0.9055 24.867
(1986)

PRE 212363 56231 837.77 22349 12771 18949 12081 10555 19326 872.49
Regression  4764.407 189488 6208867 19836 1037250 0.1669 6421071 11077.64 12145 167.757
PRE 13838 17858 13885 13547 14461 17903 14461 10082 14409 129.79
Kadilar &

Cing 5665058 23818 6400295 2.7864 215034  0.2200 1328980 1673074 2.2404 216.480
(2004)

PRE 11636 14207 13470 9643 69756 13581 69871  66.75 7811  100.22
Kadilar &

Cing 300848 600018 8669.442 11586 2145833 01575 1328373 888372  0.7438 23917
(2005)

PRE 2127.83 56397 99444 23191 699.03 18975 699.03 12571 23529 907.16
Abu-

Dayyeh etal 300.848  600.018 8669.442 11586 2145833 0.1575 1328373 888372 07438 23.917
(2003), y,

PRE 2127.83 56397 99444 23191 699.03 18975 699.03 12571 23529 907.16
Abu-

Dayyeh etal 365.847  600.143 9664.566 15193 3890.033 0.1923 2408.116 9454816 0.8590 72.119
(2003), Y,

PRE 180213 56385 89204 17684 38560 15535 38560 11812 20373 300.84
';‘ (2013). 315339 610414 9716300 1.1816 1184207 0.575 7744698 10302.86 0.8647 24.066
alcr

PRE 200078 55437 88729  227.38 12667 18975 11990 10840 20237 90151
}E]” (2013). 309848 600018 8669442 11586 2145833 0.575 1328.373 888372  0.7438 23.917
lcreg

PRE 2127.83 56397 99444 23191 699.03 18975 699.03 12571 23529 907.16
Lu & Yan

(2014), 300.854 602038 1028049 11981 1174396 0.1575 7687.873 10519.14 0.7447 24.696
}_]pm‘r

PRE 2127.79 56208 83860 22425 12773 18975 12078 10617 23499 878.53
Lu, Yan &

Peng 1776465 122455 1210328 14129 1208333 01887 8436071 8891691 0.8203 64.499
(2014)737157”

PRE 37113 27634 71231 19016 11553 15832 11007 12560 21332 336.38
?2'8&)“ al 300848 600018 8669.44 11586 2145833 01575 1328373 888372  0.7438 23917
PRE 212783 56397 99444 23191 699.03 18975 699.03 12571 23529 907.16
Singh &

Singh 300461 600018 8669.44 11586 2145833 0.1575 1328373 888372 07438 23.017
(2014)

PRE 212783 56397 99444 23191 699.03 18975 699.03 12571 23529 907.16
(Sg’z’)al'zf‘) 300.848 600018 8669.442 11586 2145833 0.575 1328373 888372 07438 23.017
PRE 212783 56397 99444 23191 69903 18975 699.03 12571 23529 907.16
Yasmeen et

al . 379.147 1356.63 2505802 11890 2146814 0.1683 1333406 8886.008 0.7441 25.787
(2015)

PRE 1738.92 24944 34405 22593 69871 17755 69639 12568 23517 84136

Note: Figures in bold are Percent Relative Efficiencies of each estimator in all the populations
Table 2 gives the mean square errors of recent and related estimators of population mean in simple random sampling
using two auxiliary variables, proposed by the stated authors.

Table 6: MSE and PRE of the proposed class of Estimator, t,,,; of population mean in simple random sampling
using two auxiliary variables

tml

Population
I

v

\Y

VI

VII

VIl

IX

X
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®
tml
PRE
@

ml

PRE
3
B
PRE
(4
B
PRE
5
&
PRE
6
4
PRE
7
B
PRE
8
B
PRE

6593.042 3383.921 86212.23  2.6868 15000
100 100 100 100 100
4764.407 1894.878 62088.67  1.9833  10372.5
138.38 178.58 138.85 13547 14461
4764.407 1894.878 62088.67  1.9833  10372.5
138.38 178.58 138.85 13547 14461
309.861 600.036 8810.397 1.1586  2148.33
2127.74  563.95 978.53 23191  698.22
4764.407 1894.878 62088.67  1.9833  10372.5
138.38 178.58 138.85 13547 14461
309.857 600.049 8684.083 1.1586  2150.01
2127.77  563.94 992.76 23191  697.67
298.961 590.858 6134.77 1.1584  2111.82
2205.32 572.71 1405.31 23193  710.29
269.992* 573.751* 196.274*  1.1583* 2091.36*
2441.94* 589.79*  43924.52* 231.97* T717.24*

0.2988  9285.714  11168.105 1.7500  216.961
100 100 100 100 100
0.1669  6421.071  11077.64 1.2145  167.157
179.03  144.61 100.82 14409  129.79
0.1669  6421.071  11077.64 1.2145  167.157
179.03  144.61 100.82 14409  129.79
0.1575  1328.726  8883.740 0.7439  23.917
189.75  698.84 125.71 235.25  907.17
0.1669  6421.071  11077.64 1.2145  167.157
179.03  144.61 100.82 14409  129.79
0.1575  1328.859  8883.930 0.7488  23.917
189.75  698.77 125.71 233.71  907.16
0.1571  1315.814  8719.628 0.6478  23.735
190.22  705.70 128.08 270.14 914.11
0.1567* 1308.699* 8648.494*  0.5161* 23.312*
190.71*  709.54* 129.13* 339.07*  930.69*

Note: (1) Percent Relative Efficiencies in bold

(2) * Largest PRE and the least MSE

Table 6 indicates some members of the first proposed class of estimators of population mean in simple random
sampling involving two auxiliary variables.

Table 7: MSE of the proposed class of Estimator, t,,, of population mean in simple random sampling using two

auxiliary variables

Population
try | Il 1l v \Y% VI VI VIl IX X
ty(r:llz) 6593.042 3383.921 86212.23  2.6868 15000 0.2988  9285.714 11168.105 1.7500 216.961
PRE 100 100 100 100 100 100 100 100 100 100
tfrfz) 4764.407 1894.878 62088.67 1.9833 103725 0.1669 6421.071 11077.64 1.2145  167.157
PRE 138.38 178.58 138.85 13547  144.61 179.03  144.61 100.82 14409  129.79
tsz) 4764.407 1894.878 62088.67 1.9833 103725 0.1669 6421.071 11077.64 1.2145  167.157
PRE 138.38 178.58 138.85 13547  144.61 179.03  144.61 100.82 14409  129.79
ty(:z) 309.861 600.036 8716.403  1.1586 2147.26 0.1575  1328.699 8747.485* 0.6793  23.776
PRE 2127.74 563.95 989.08 23191  698.56 189.75  698.86 127.67* 257.62 91252
tw(iz) 4764.407 1894.878 62088.67 1.9833 103725 0.1669 6421.071 11077.64 1.2145  167.157
PRE 138.38 178.58 138.85 13547 14461 179.03 14461 100.82 14409  129.79
t,(nﬁz) 309.856 600.036 8827.483  1.1586 214778 0.1575 1328.806  8884.352 0.7446  23.917
PRE  2127.77 563.95 976.63 23191  698.40 189.75  698.80 125.70 235.03  907.16
tf,fz’ 302.981 594.421 8205.277* 1.1585  4039.04 0.1573  2083.815 8747.485* 0.6794  23.776
PRE 2176.06 569.28 1050.69* 23192  366.48 189.96  445.61 127.67* 25758 91252
tSZ) 281.480* 586.908* 1337596  1.1584* 3416.52 0.1572* 1873.034 31100.99 0.6178* 23.458*
PRE  2342.28* 576.57* 644.53 231.94* 439.04 190.04* 495.76 35.91 283.26* 924.89*
Note: (1) Figures in bold are Percent Relative Efficiencies. (2) * indicates the least MSE and greatest PRE in each
population.
Discussion (AOE’s) of these proposed multivariate estimators at
The optimal MSE of the two multivariate ratio various values of §,and §,, in the presence of two

estimators of population mean in simple random
sampling scheme using two auxiliary variables
proposed in equations (1) and (2) respectively
shown in equations (5) and (8) are dependent upon
the parameters of the estimators (6, ;). Tables 9
and 10 show Asymptotic Optimal Estimators

auxiliary variables.

From Table 5, it is seen that estimators of Abu-
Dayyeh et al. (2003), y,, Kadilar and Cingi (2005),
Lu (2013), y;creq, Riaz et al . 2014), Singh and Singh
(2014) and Swain (2012) have the same and the least
Mean Square Errors in all the populations, among the
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considered estimators. These are followed by the
most efficient member of the class of estimators

proposed by Lu and Yan (2014), 7, which has
smaller mean square errors in six of the ten
populations considered in this work-I, II, 11,V, 1X
and X. The estimator of Singh and Chaudhary
(1986) is the wusual traditional ratio estimator

involving two auxiliary variables. In Table 7,
estimator t,(,fz) is the simple random sample mean, on
which the efficiencies of other estimators are based.
Estimators t,(,fz)t,(,fz) and t,(,fz) have the same mean
square errors as the multivariate regression estimator,
when two auxiliary variables are involved. Numerical
results in Tables 6 and 7 indicate the mean square
errors and PRE’S of existing and the proposed
multivariate estimators of the population mean
computed on the ten (10) different populations. In the
Table, estimators t,(,fl) t,(,fl) and t,(,fl) have the same
MSE as the multivariate regression estimator

involving two variables, while t,(,fl) is the simple
random sample mean. It is also observed that t,(,fl)

t,(,fl) and t,(n? have almost the same MSEs as the
estimators of Abu-Dayyeh (2003), y,, Kadilar and
Cingi (2005), Lu (2013), ycreq, Riaz et al. (2014),
Singh and Singh (2014) and Swain (2012), except for
a slight difference in population Ill. Also, in Table 6,
estimatorst,(,zl)and t,(,fl) have less MSEs and greater
PREs than all existing estimators considered here, but
t,(,fl) gives the least MSE and greatest PRE in all the
populations.  This indicates that the last three
members of the first proposed estimator are more
efficient than the already existing ones and the most
efficient of all of them is t,(,?l) It is to be noted here
that their efficiencies are consistent in all the

populations. In Table 7, t,(fz) has least mean square
errors in populations I, 11, 1V, VII, IX and X and £

ma
has the least MSE in populations Il and VIII.
Estimator t,(fz) has a greater PRE in populations I, II,

IV, VI, VIII, IX and X than the existing estimators,

except for populations Ill, V and VII.  From the
Tables, it is observed that t,(fi has the greatest PRE of

2441.94%, 589.79%,  43924.52%, 231.97%,
717.24%, 190.71%, 709.54%, 129.13%, 339.07%
and 930.69% among all existing and proposed
estimators considered in this work. This is followed

by t,(fz) which is a member of the second proposed

multivariate ratio estimator with 2342.28%, 576.57%,
231.94%, 283.2% and 924.89% in populations I, I,

IV, [IX and X respectively and t,(ﬁ with PRE of
1405.31%, 710.29%, 190.22%, 705.70% and
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128.08% in populations 111, V, VI,VIII respectively .
Therefore,t®®) has the greatest gain in efficiency in

mil
all the ten populations.

Conclusion

Several classes of Asymptotic Optimal Estimators
(AOE) of population mean, under the simple random
sampling strategies, in the presence of two auxiliary

variables, have been proposed in this work.
However, t,(,ff and t,(fz)have demonstrated tremendous
gains in efficiencies under this sampling strategies.
They have therefore been found useful for estimating
the population mean in simple random sampling
strategy under certain optimal conditions.
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